We show that for any positive integer r there exists an integer k and a k-colouring of the edges of K 2 k +1 with no monochromatic odd cycle of length less than r. This makes progress on a problem of Erdős and Graham and answers a question of Chung. We use these colourings to give new lower bounds on the k-colour Ramsey number of the odd cycle and prove that, for all odd r and all k sufficiently large, there exists a constant = (r) > 0 such that R k (C r ) > (r − 1)(2 + ) k−1 .
Introduction
In this paper all colourings of a graph G will refer to colourings of the edges of G. The odd girth of G, written og(G), is the length of the shortest odd cycle in G. Given a colouring C of G we say the odd girth of C, written og(C), is the length of the shortest monochromatic odd cycle found in C. It is a simple exercise to see that it is possible to k-colour the complete graph K 2 k such that each colour comprises a bipartite graph. Moreover, such colourings only exist for K n if n 2 k . Indeed, consider labelling each vertex of K n with a binary vector of length k, where the i th coordinate of the label given to a vertex is determined by which side of the bipartition of colour i the vertex lies in. All vertices of K n must receive distinct labels, and so n 2 k . It follows that any k-colouring of K 2 k +1 must contain a monochromatic odd cycle. Based on this observation, Erdős and Graham [4] asked the following question: Question 1. How large can the smallest monochromatic odd cycle in a kcolouring of K 2 k +1 be?
Moreover, Chung [3] asked further whether or not this quantity is unbounded as k increases. In this paper we show that the size of the least odd cycle that must appear is indeed unbounded.
Theorem 2. For all positive integers r there exists an integer k and a kcolouring of K 2 k +1 with odd girth at least r.
The proof of Theorem 2 can be found in Section 2. From a quantitative perspective, our proof of Theorem 2 will show that there exist k-colourings of K 2 k +1 with odd girth at least 2 √ 2 log 2 (k)−c for some constant c. This result is a consequence of Corollary 6 which can be found at the end of Section 2.
For a graph H, the k-colour Ramsey number R k (H) is defined as the least integer n such that every k-colouring of K n contains a monochromatic copy of H. We say that a colouring of a graph G is H-free if it contains no monochromatic copy of H. Erdős and Graham [4] showed that
whenever r 3 is an odd integer. The construction used to show this is as follows: When k = 1 simply take a 1-colouring of K r−1 , for k > 1 take two disjoint copies of the construction for k − 1 and colour every edge between the two copies with a new colour. This construction led Bondy and Erdős [2] to make the following conjecture. In this paper we disprove Conjecture 3 by using the result of Theorem 2 to construct colourings that give new lower bounds for R k (C r ) whenever r is an odd integer and k is sufficiently large. The proof of Theorem 4 can be found in Section 3. We remark that Theorem 4 can not be used to say anything about the behaviour of R k (C r ) when k is fixed and r is increasing. Bondy and Erdős [2] showed that their conjecture holds for all r when k = 2. For k = 3, Luczak [9] employed the regularity method to prove that Bondy and Erdős's conjecture holds asymptotically, showing that R 3 (C r ) = 4r + o(r) for odd r increasing. Kohayakawa, Simonovits and Skokan [8] used Luczak's method together with stability methods to show that the conjecture is true for k = 3 when r is sufficiently large. Recently, Jenssen and Skokan [7] showed that Conjecture 3 is true for all fixed k and all r sufficiently large. They achieved this by using Luczak's regularity method to turn the problem into one in convex optimisation.
When r = 3, it is well known that equality does not hold in (1) . A result of Fredricksen and Sweet [5] on Sum-Free Partitions shows that R k (C 3 ) c(3.1996 . . .) k for some constant c. We refer the reader to Abbott and Hanson's paper [1] for details about the connection between sum-free partitions and Ramsey Numbers. As an upper bound, Greenwood and Gleason [6] showed that R k (C 3 ) ek! + 1, see also Schur [10] . It is a famous open problem to determine whether or not R k (C 3 ) is super-exponential in k.
Colourings with no Short Odd Cycles
For a set X, let X (2) = {x, y} : x, y ∈ X, x = y . Given a colouring C of a graph G, let G(C i ) be the graph on vertex set V (G) whose edges are those of G that received colour i in C. Given an edge {x, y} ∈ E(G), let C(x, y) be the colour {x, y} receives in C. We begin by focusing our attention on the odd girth of each G(C i ) rather than the odd girth of C as a whole. We say that C is an (r 1 , . . . , r k )-colouring of G if og G(C i ) r i for each i. The first main idea of the proof of Theorem 2 is that we would like to show that if there exists an (r 1 , . . . , r k )-colouring of K 2 k +1 then we can use it to build an (r 1 + 2, r 2 , . . . , r k , r k+1 )-colouring of K 2 k+1 +1 , where r k+1 r 1 + 2. Given this, we would apply this idea inductively, relabelling the colours at each step so that r 1 is minimal, to find k-colourings of K 2 k +1 (for some k) with arbitrarily high odd girth.
Unfortunately we are unable to come up with such a construction for general (r 1 , . . . , r k )-colourings. As a result, the second main idea of our proof will be to impose stronger conditions on our colourings that will allow an induction argument to hold. We say a graph G is r-round if there exists a partition of V (G) into sets (X 1 , . . . , X r ) such that each edge of G lies between one of the pairs (X 1 , X 2 ), (X 2 , X 3 ), . . . , (X r−1 , X r ) or (X 1 , X r ). When r is an odd integer we have that any odd cycle in an r-round graph G must contain at least one edge between each such pair and so og(G) r.
We say that an r-round graph G is rooted with root O, for some vertex O ∈ V (G), if X 1 = {O}. We say a k-colouring of G is an (r 1 , . . . , r k )-rooted-round-colouring, and write (r 1 , . . . , r k )-RRC, if there exists a vertex O ∈ V (G) such that G(C i ) is a rooted r i -round graph with root O for each i. We call O the root of the colouring.
Note that all (r 1 , . . . , r k )-RRC's are (r 1 , . . . , r k )-colourings. More generally, it is straightforward yet slightly tedious to prove that a colouring C of a graph G is an (r 1 , . . . , r k )-RRC with root O ∈ V (G) if and only if og(G(C i )) r i for each i and all monochromatic odd cycles of the RRC go through O. We do not make use of this fact in our argument and so omit its proof from this paper.
The main tool for the proof of Theorem 2 is the following lemma.
Lemma 5. Let r 1 , . . . , r k and n be positive integers. If there exists an (r 1 , . . . , r k )-RRC of K n then there exists an (r 1 + 2, r 2 , . . . , r k ,
Proof of Lemma 5. Let G be the complete graph on n vertices and let A be an (r 1 , . . . , r k )-RRC of G with root O. For each i, let (O, X i 2 , . . . , X i r i ) be the partition of V (G) that realises G(A i ) as an r i -round graph. Let H be the complete graph on 2n − 1 vertices with vertex set {O} ∪ U ∪ U where U = V (G) \ {O} and U = {x : x ∈ U } is a copy of U . For each pair of integers i, j, with j 2, we define Y i j ⊆ U to be the set {x : x ∈ X i j }. Let B be the following (k + 1)-colouring of H:
It is easy to check that every edge of H is coloured by B. We now modify B to obtain a new colouring, which we call C, that will be our desired (r 1 + 2, r 2 , . . . , r k , 2r 1 − 1)-RRC of H. Let F be the following set of edges in H:
1. all edges that lie between O and X 1 2 , 2. all edges that lie between Y 1 l and X 1 l+1 for each l = 2, . . . , r 1 − 1, 3. all edges between O and Y 1 r 1 . Moreover, let F (B 1 ) be the set of edges in F that have colour 1 in B. We obtain C from B by giving colour k + 1 to all edges in F (B 1 ). All other edges of H receive the same colour in C as they did in B. See Figure 1 for an illustration of the colours 1 and k + 1 in C. To complete the proof of Lemma 5 we note that is easy to verify the following three statements: 
The proof of Theorem 2 follows almost immediately from Lemma 5.
Proof of Theorem 2. Note that if n = 2 k +1 then 2n−1 = 2 k+1 +1. Consider 2-colouring the complete graph on vertex set {1, 2, 3, 4, 5} by colouring the edges {(1, 2), (2, 3), (3, 4) , (4, 5) , (1, 5)} red and colouring the remaining edges blue. This is a (5, 5)-RRC where any vertex can be chosen as the root. Starting from this (5, 5)-RRC of K 5 , we can inductively apply Lemma 5, relabelling the colours so that r 1 is minimal at each step, to find k-colourings of K 2 k +1 with arbitrarily high odd girth. (and r is odd) then there exist k-colourings of K 2 k +1 with odd girth at least r. Indeed, given an RRC of a complete graph, we can apply Lemma 5 once to each of its colours to obtain a new RRC with twice as many colours and odd girth at least 2 larger. This shows that for any k there exists a k-colouring of K 2 k +1 with odd girth at least 2 log 2 (k) + 1. This bound is simple to obtain yet it is far from the exact behaviour of our sequence of colourings. In Corollary 6 we analyse this sequence more carefully to obtain improved bounds.
Corollary 6. There exists a constant c ≈ 4.7685 such that if k c √ 2
then there exists a k-colouring of K 2 k +1 with odd girth greater than 2 t .
Proof of Corollary 6. Given a sequence of integers (r 1 , . . . , r k ), let
Let r 2 = (5, 5) and for j > 2 let r j be the sequence obtained from rearranging the entries of f (r j−1 ) in increasing order. The definition of the function f comes from the construction given in Lemma 5 and the starting sequence r 2 corresponds to our (5, 5)-RCC of K 5 .
To prove our corollary it is sufficient to analyse how quickly the minimum value of r j grows as j increases. Define the function
We show by induction on t that min(r p(t) ) 2 t + 1. Our base case holds when t = 2 as min(r 2 ) = 5. Suppose the statement holds true for t − 1. As min(r p(t−1) ) 2 t−1 + 1, we have that each time we apply f to r p(t−1) (and rearrange its elements in increasing order), the newest element we've added is at least 2 t + 1. Thus, to find m such that min(r m ) 2 t + 1, we are only concerned with the "adding 2" process of f . As r p(t−1) has p(t − 1) elements, each at least 2 t−1 +1, we only need to repeat the process of adding 2 to its minimal element at most 2 t−2 p(t − 1) times to find a sequence whose minimum value is at least 2 t + 1. Thus, as 2 t−2 p(t − 1) + p(t − 1) = p(t), our inductive statement holds true for t. To complete the proof of the corollary we note that
where c = i 0
Corollary 6 shows that there exist k-colourings of K 2 k +1 with odd girth at least 2 √ 2 log 2 (k)−c 0 for some constant c 0 . We note that Corollary 6 still does not give the exact bound for the behaviour of our sequence of colourings. Moreover, we do not believe that our RRCs give rise to the best possible bounds that one could hope for from general colourings. Indeed, the colourings we construct have some colours with odd girth almost twice as large as some other colours. It seems more likely that the colourings with the largest odd girth will be more balanced across all of their colours. As such, we have not analysed the minimum values of the sequence of r j 's any more carefully to obtain better bounds.
Multicolour Ramsey Numbers of Odd Cycles
In this section we often write the pair (G, C) to refer to a colouring C of a graph G. This will allow us to simultaneously keep track of multiple colourings of different graphs. Let G and H be complete graphs on m and n vertices respectively and let G × H be the complete graph with vertex set V (G) × V (H). Moreover, let (G, A) be a j-colouring using colours 1, . . . , j and let (H, B) be a k-colouring using colours j + 1, . . . , j + k. We define the set of colourings ×(A, B) to be all (k + j)-colourings C of G × H such that 1. C (g 1 , h), (g 2 , h) = A(g 1 , g 2 ) for all {g 1 , g 2 } ∈ V (G) (2) , h ∈ V (H), 2. C (g, h 1 ), (g, h 2 ) = B(h 1 , h 2 ) for all g ∈ V (G), {h 1 , h 2 } ∈ V (H) (2) , 3. C (g 1 , h 1 ), (g 2 , h 2 ) = A(g 1 , g 2 ) or B(h 1 , h 2 ) for all {g 1 , g 2 } ∈ V (G) (2) , {h 1 , h 2 } ∈ V (H) (2) .
Proof of Theorem 4. Let r be an odd integer. By Theorem 2, there exists a least integer f = f (r) and an f -colouring of K 2 f +1 , which we call A, with odd girth strictly greater than r. Given an integer k, let m and c be positive integers such that k − 1 = mf + c where f > c 0. As noted in the introduction, Erdős and Graham [4] showed that there exists a C r -free (c + 1)-colouring of K n , where n = (r − 1)2 c . Call this (c + 1)-colouring B 0 and for i 1 let B i = B i−1 * A. By Lemma 7, the colouring B m is a k-colouring of the complete graph on (r − 1)2 c (2 f + 1) m vertices with no monochromatic cycle of length r. For > 0 sufficiently small and k (equivalently m) sufficiently large, this graph has more than (r −1)(2+ ) k−1 vertices.
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